Section 7.8: Improper Integrals
Objective: In this lesson, you learn

[0 how to evaluate a definite integral where the interval is infinite or where f has an infinite
discontinuity on [a, b].

Problem: Evaluate the area of the region bounded by the curves
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intervals as follows:

a. If (ff (z) dz exists for every number t > a, then

/aoof(:r)dx— lim /atf(x

t—o0
provided this limit exists.

b. If ftb f (z) dz exists for every number ¢ < b, then

' f(z)dr = lim bf(x)d:z:
I J

t——o00

provided this limit exists.

The improper integrals [° f (z) dz and ff ~ [ (x) dx are called convergent if the corre-
sponding limit exists and divergent if the limit does not exist. If both [° f (z)dx

and [° « [ (x) dz are convergent, then we define

/_O:of(m)dx_/_“Oof(g;)da:Jr/aoof(x)dx.

Note that any of the improper integrals in the definition above can be interpreted as an
area if f is a positive function.

® dx
E le 1: Evaluat — 'fg ible.
xample valuate /1 " if possible

f-oﬂS"éW

47

5 ot 00|
I 6\01 o:OOO{
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e ¢}

d
Example 2: Evaluate / T possible.

1V
(w\é&% 1 b PR € Y~ \%
I f X dw = X 2 >
~ =
[
_ aoflE - )
o 1

o0
Example 3: Evaluate / x dx if possible.
1

Cen Srden
£ t
2 2
(x dx = X = L-l
2 \ 2 =

t

(x Ix< fow IX In= w3 Ujl\)

e i
’ i@( = gy

48
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Example 4: Determine for which values of p the integral is convergent or divergent.
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Example 7: Determine the convergence or divergence of

/0 dx
—00 1 — X

f@x j IR S j:}\lh dw
—_—— = NUuC -
s Q\)\’;’&X
w= =777 &‘)l\z B WQJPDC_

— = —_
- N\

N

0
s e |
[ =
i o= QN
_ fin
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I1. Type 2: Discontinuous Integrands .
We define the integral of f over an open interval or a half-open interval as follows.

a. If f is continuous on [a, and is discontinuous at b, then

Prow-m fron L

t—)b@
if this limit exists (as a finite number). AN

b. If f is continuous on (a,b] and is discontinuous at a, then

-

N o

%_5_‘_;_;3?0 éf dr = hlb / f(z (<,—-;L qj

SN * h
if this limit exists (as a finite number).

The improper integral | Cf f (z)dz is called convergent if the corresponding limit exists
and divergent if the limit does not exist.

c. If f has a discontinuity, at ¢, where '@ < ¢ < b, and both [7 f (x)dx and fcbf () dx are
convergent, then we define

b c b
/a f(:r)dx—w)dx—i—w)\dic.

Example 8: Evaluate the area of the region bounded by the curves

,y—O r=0,andz =1

|
) l
Jae= 57/?“"
t

\l=.
-2 — 24/
fL_&x~ x 4w = L= VR AC
J7\_

) ﬂm 2()- )= m %
béd (jj\[; 17_)6 « \WVJQM
prci

52 -
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2
Example 9: Determine whether / (
1

x — 2)?

de .
is convergent or divergent.

L

x—2)"

rﬁ%’éx: }W’, S-‘\/— ol

Q@ZT £ 5 |

\
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Example 10: Determine whether / dkw is convergent or divergent.
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Example 11: Determine whether / In z dz is convergent or divergent.
0.



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal



Ahmad Alzaghal




I11. A'Comparison Test for Improper Integrals.

Sometimes it is difficult to evaluate the exact value of an improper integral. However, using the
following theorem, its convergence may be determined.

Comparison Theorem

Suppose that f and g are continuous functions with f (z) > g () > 0 for > a.

a. If [>° f (x)dx is convergent, then

0 Fo) — D
g (x)dx : 9"
a ! R
. S AL
1s convergent. )
| <
b. If [ g (x)dx is divergent, then G X,

/aoof(:c)da:

is divergent.

Remark: This theorem is plausible if the integrals are considered as the areas under the curves.

o If the area under the top curve, y = f (), is finite, then so is the area under the bottom
curve 'y = g (z).

o If the area under y = g (z) is infinite, then so is the area under y = f (z).

(0.0
Example 12: Determine whether é s convergent or divergent.
7

Liax—) < X bor <71 =T 7
46 <a(7<7
R L <31
va?('\ 7<—\
o
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[
L x 5""
SLM»\ ? 7l

s 00
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o0
Example 13: Determine whether / e~ 4z is convergent or divergent.
1

R ;pa-r 7<7/£L

x £ 0%
>‘/
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Example 12: Determine whether /
1 8 +2
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